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Abstract. We derive two non-equivalent coverings for the r-th mdKP equation from 
Maurer— Cartan forms of its symmetry pseudo-group. Also we find Backlund transfor- 
mations between the covering equations. 
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1. Introduction 

The role of coverings in studying nonlinear differential equations (des) is well-known, 
[20, 21, 22, 23]. They lead to a number of useful techniques such as inverse scattering 
transformations, Backlund transformations, recursion operators, nonlocal symmetries 
and nonlocal conservation laws. For a given DE, a problem of constructing a covering is 
very difficult, see, e.g., [41, 8, 6, 14, 29, 30, 38, 15, 35, 36, 42, 40, 28, 12, 13]. One of the 
possible approaches to solution lies in the framework of Elie Cartan's structure theory 
of Lie pseudo-groups, [27, 3, 33, 34]. 

In the present paper we apply the method of [33, 34] to the r-th modified dispersi- 
onless Kadomtsev-Petviashvili equation (r-mdKP), [1]. We use Elie Cartan's method of 
equivalence, [4, 11, 17, 37], to compute Maurer-Cartan (mc) forms of the pseudo-group 
of contact symmetries of r-mdKP, and then find two linear combinations of these forms, 
whose horizontalizations provide covering equations of r-mdKP. Previosly this approach 
was applied in [34] to a particular case of r-mdKP - modified dispersionless Kadomtsev- 
Petviashvili equation (mdKP), or modified Khokhlov-Zabolotskaya equation, [27, 25, 
26]. Coverings for particular cases of r-mdKP were found in [10, 7, 18, 5] via other 
methods. 

2. Preliminaries 

2.1. Coverings of DEs 

Let 7TQO : J°°(7r) — > lR n be the infinite jet bundle of local sections of the bundle 
7r : R n x M — > R. The coordinates on J°°(7r) are (x\uj), where / = {ii,...,i k ) are 
symmetric multi-indices, i±, ...,ik G {1, ...,n}, u% = u, and for any local section / of 7r 
there exists a section joo(/) : — ► ^°°( 7r ) sucn that u I (j oc (f)) = d* 1 (f)/dx n ...dx %k , 
#J = ...,ik) = k. The total derivatives on J°°(7r) are defined in the local coordintes 
as 



We have [D i: Dj] = for i,j e {l,...,n}. A DE F(x\u K ) = defines a submanifold 
£°° = {D^F) = | #/ > 0} C J°°(7r), where Dj = D h o...oD ik for I = (ii,...,i fc ). We 
denote restrictions of Di on £°° as Di. 

In local coordinates, a covering over £°° is a bundle £°° = £°° xQ^ £°° with fibre 
coordinates q a , a G {1, N} or a G N, equipped with extended total derivatives 




d 



a 



dq< 



,a 



such that [Di,Dj] = whenever (x % ,uj) G £°°. 

Dually, the covering is defined by the following differential 1-forms, [41], 

co a = dq a - T t a (x j , Uj, (f) dx l 
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such that duo a = (mod lj^^j) iff (x l ,Uj) G £°°, where are restrictions of the 
contact forms dj = duj — uj tk dx k on £°°. 

2.2. Cartan's structure theory of contact symmetry pseudo-groups of DEs 

A pseudo-group on a manifold M is a collection of local diffeomorphisms of M, which is 
closed under composition when defined, contains an identity and is closed under inverse. 
A Lie pseudo-group is a pseudo-group whose diffeomorphisms are local analytic solutions 
of an involutive system of partial differential equations. Elie Cartan's approach to Lie 
pseudo-groups is based on a possibility to characterize transformations from a pseudo- 
group in terms of a set of invariant differential 1-forms called Maurer-Cartan forms. 
The MC forms for a Lie pseudo-group can be computed by means of algebraic operations 
and differentiation. Expressions of differentials of the MC forms in terms of themselves 
give structure equations of the pseudo-group. The structure equations contain the full 
information about their pseudo-group. 

EXAMPLE 1. Consider the bundle J 2 (n) of jets of the second order of the bundle ir. 
A differential 1-form 1? on J 2 in) is called a contact form if it is annihilated by all 2-jets 
of local sections: 32(f)* $ = 0. In the local coordinates every contact 1-form is a linear 
combination of the forms $0 = du — U{ dx l , i?j = dui — Uij dx\ i,j G {1, n}, Uji = Uij. 
A local diffeomorphism A : J 2 (7r) — > J 2 (7r), A : (x l ,u,Ui,Uij) 1— > (x^,u,Ui,Uij), is called 
a contact transformation if for every contact 1-form i3 the form A*$ is also contact. We 
denote by Cont(J 2 (7r)) the pseudo-group of contact transformations on J 2 (ir). Consider 
the following 1-forms 

O = a tfo, e i = g i G + a B k k , E l = c l O + f ik Q k + b\ dx\ 

Gij = aBl B\ (du kl - u klm dx m ) + Sij O + w% B k + z ijk E k , (1) 

defined on J 2 (tt) x ft, where ft is an open subset of R(2«+i)(n+3)(n+i)/3 with local 
coordinates (a, b\, c\ f lk , g iy s^, w k j, Uij k ), i,j,k G {l,...,n}, i < j, such that a ^ 0, 
det(b l k ) 7^ 0, f tk = f k \ Uij k = u ik j = Uj ik) while (B k ) is the inverse matrix for the matrix 
(bf). As it is shown in [32], the forms (1) are MC forms for Cont( J 2 (tt)), that is, a 
local diffeomorphism A : J 2 {^) x ft — > J 2 {^) x ft satisfies the conditions A* @ = 0o, 
A* 0j = Oj, A* = S l , and A* 0^ = O^- if and only if it is projectable on J 2 {tt), and 
its projection A : J 2 (n) — > J 2 (7r) is a contact transformation. The structure equations 
for Cont(J 2 (-7r)) have the form 

d& = ${j A O + S ! A i? 

dO, = $0 A O + A fc + E k A 0, fc , 

dH* = $q A — $* fe AH fc + A 0o + A fc , 

rf0 y - = A fej + A Q kt — $0 A e - + T°. A 0o + T£ A 0fc + A, jfc A E k , 

where the additional forms $°, \l> i0 , T°-, T^-, and A ijfc depend on differentials 
of the coordinates of ft. 
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EXAMPLE 2. Suppose £ is a second-order differential equation in one dependent and 
n independent variables. We consider £ as a submanifold in J 2 (vr). Let Cont(£) be 
the group of contact symmetries for £. It consists of all the contact transformations 
on J 2 (vr) mapping £ to itself. Let Lq : £ — > J 2 {tt) be an embedding, and i = Lq x id : 
£ x "K — > J 2 (7r) x "K. The MC forms of Cont(£) can be derived from the forms 9 = i*Qo, 
9i = L*Qi, C = t*E l , and 9^ = t*©^ by means of Cartan's method of equivalence, see 
details and examples in [9, 31, 32]. 



3. Cartan's structure of the contact symmetry pseudo-group for r-mdKP 



The r-th mdKP 

(3 — r) (1 — r) 2 r (3 — r) 3 — r (3 — r) (1 — r) 

Utx = ^ U, £ U XX H 2 ~ U x U X y + — — H — — UyU xx , 

r G Z\{2}, was derived in [1]. For a convenience of computations we use the following 
change of variables: 

t—(3 — r)t, x — x, y — (2 — r)y, u——(l — r)u, 

where r ^ {1, 2, 3}. Then we have 

_ _ / 1 ~ 2 _ \ _ - . 

Ujjjj + "U^ + "U^ J U xx + _^ ^ U x U X y. 

We drop tildes and denote re = yz^; this yields 

/ /€ + 1 2 \ 

"Uyy = Wfcr + I - lij. + Uy j U xx + KU X U X y . [Z) 

The exceptional cases r = 2 and r = 3 correspond to re — — 2 and re = — |, respectively. 
We will not consider the case of r = 1. The case of re = —1 is exceptional, too, since 
r — > oo when re — > — 1. In the cases of re = 0, re = 1, and re = — 1 Eq. (2) gets the forms 
of the mdKP equation, [27, 25, 26], 

Uyy = U tx + U 2 X + Uy^ U xx , (3) 

the dBKP equation, [39, 18], 

Uyy = U tx + (U 2 X + Uy) U xx + U 

X U X y. 

(4) 

and the equation describing Lorentzian hyper-CR Einstein- Weil structures, [7, 10], 

Uyy Ul x ~\~ Uy U xx U x U X y. (5) 

We use the method outlined in the previous section to compute MC forms and 
structure equations of the pseudo-group of contact symmetries for Eq. (2). The results 
depend on re. 
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When k £ {— 2, — 1}, the structure equations have the form 

de = {vi+e-^e-^ 2 022)Ae o +eA0 1+ eA0 2 +eA0 3 , 

d9, = {im-^e-^O^ A9 1 + ((K+l)9 2 + (K + 2)e) A0 3 + eAO n 

+ ( 2k2+ ^ 5k+4 e 2 - ?^±zf + K e 2 ^ a 9 + a 12 + A 13 , 

^ = ( i 2 m~s l 2 d22 + ^e)A9 2 +eA0 12 +eA 22 +eA 23 , 
de 3 = (vi-^ 9 22 + ^e)A0 3 + ^ 9 22 -^e)A0 o +^eA0 2 
+eA6 13 +eA 23 +eA0 12 , 

di 2 = ( 1 2Vi + ^ r2 022 +e)Ae + (^O o -9 3 ) A^-9 2 Ae, 

de = -(K+2)(e 2 +e)Ae+ 022 Ae, 

d9 n = 2 Vl A n ~ k V2 A^o + ^A^ + ^A^ + ^A^ + k^ + x M A O 

+ ((4 K + 3) 23 - - 2 - 18 /+ 20 e 2 ) A 9 1 - ((2 « + 3) 13 + 5k2+3 4 1 k+24 0x) A 2 

_ K 3 A0 12 _ (^±6 22 + ^3) A 11 + ( 2/C + 4)e 2 A0i3, 

^12 = ry! A 0i2 + ?72 Af + Vs Ae + 02 A {e 23 -e) + {e 3 -^e + ^6 12 ) A9 22 

+ ^^ 3 A 012, 

^13 = 1 7/i A 13 + t/ 2 A e 2 + Vs A e + ry 4 A ? + " 3 +10^32k-96 g Q A ^2 

- ( k3+k2 7 6 14k " 24 02 + *^s=± 23 ) A O + (e=± 9 22 - ^ e) A 1 

- ( 7k2+3 8 2K+24 03 + (« + 2) 12 ) A 2 + ((2 K + 1) 23 + k2+22 8 K+24 ^) A 3 

+ ^ e 2 a 12 - 022 - *±± a a 13 , 

^ = ^+18 .+24 ^ + (k + 2) + ^ A ^1 

^023 = \ 7/1 A 23 + 7/2 A ? " 2 2 + ^f^ 2 £ 3 ) A 2 + 23 - A ^ 

+ (*§^23 -^f) A 022, 

d/7i = 0, 

dm = 7/6 A e + (r/1 + ^ 022 - ^ A 7/2 + 3 A ( ^ 22 - ^) 

+ ( 3K2 ir +16 022 - V A *0 + 02 + ^) A 023 

+ 022 + 9k2+48 4 K+112 e 3 ) A 12 , 

<&fe =7/ 6 A£ 3 + 7/ 7 A£ 1 + (( K + 3 )0 2 + ( K + 2)f 2 ) A 7/2+ (^01-013) A 022 
+ (I VI + W 6 ™ + ^ e 3 ) A 7/3 + (« + 2) 3 A (023 + 

+ ^ ((3 k 2 + 18 k + 32) 2 + 8 (« + 2) (0 23 + £ 2 )) A O 

+ / 3^+^+32 ^ + 6^+29«+28 ^ A 2 — ^3 (ft + 1) 23 - 3 * 2 + 34 *+ 32 ^) A 12 , 
rfT/4 =7/ 6 A£ 2 + 7/ 7 A£ 3 + 7/ 8 A£ 1 + ^ r/x- ^±^ 2 2 + ^) A 7/ 4 
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+ k («^0 o - 20 3 ) A 7/2+ ((2« + 4)0 2 + ^£ 2 ) A% 

- % (2 (« - 4) 3 - (k 2 - 2 k - 4) 12 ) A O + f (7 « + 5) 3 A 12 
+ ± ((2 + 3 k 2 - 30 re - 112) 2 - 2 (2 re 2 - 5 re + 4) 23 ) A X 

- i (re 3 + 10 re 2 - 32 re - 96) X A £ 2 

- (6 (k + 1) 23 + \ (k 2 + 30 re + 36) £ 2 ) A 13 

- | (20 re 2 + 101 re + 92) 2 A - i (8 (re - 4) 22 - (« 2 - 16) £ 3 ) A 0n, 

+ (5 K + 3) 7^2 A 6 1 + 773 A ( 2K2+ f"- 4 O + (« - 1) 3 ) - 3 (K + 1) 012 A 013. 

+ ((3 re + 5) 2 + 3 (re + 2) e 2 ) A 774 - (9 (« + 1) 23 - ^ 2 ~ 7 ^ A 6 n 

+ ^3_ 22w2 + 52w+90 ^ _ ,2+2^8 j A ^ _ 2 ( K + 2 ) 3 A 013 
+ ^-22^-20 ^ _ 6^+39^+24 ^ /\ Q ± — 24k 2 +71k+64) ^ ^ ^ 

where 

e^q^dt, 

£ 2 = 9«L ((^ M 2 - dt + dx- u x dy) , 

£ 3 = u M (dy - (k + 2) di) , (6) 

(iQ 2 (2 K + 3) d^a-a; 

q k + 2 u xx 

and g = B\ ^ 0. We need not explicit expressions for the other MC forms in the sequel. 

In the case of re — — 1 the contact symmetry pseudo-group of Eq. (5) has the 
following structure equations 

ddo = (?7i + f £ 3 + # 22 ) A0Q + C 1 A0i+e 2 A0 2 + e 3 A0 3 , 

Mi = |r7i A 01 + 772 A (|0 o + 3 ) - (§ 2 + 23 - \ £ 2 ) A O - | 0i A £ 3 + f 1 A n 

+ e 2 A0i2 + e 3 A0i 3 , 

^02 =| (4771 + ^) A 2 + ^ A 012 + £ 2 A 022 + e 3 A 023, 

d0 3 = 771 a 3 + 1 772 a 2 — ^ (8022 + 3e 3 ) a O + ie a 3 + e a 013 + e a 23 

+ £ 3 A012, 

c^ 1 = -I (77i- 2 22 )Ae 1 , 

^ 2 = -| (500 + 803^ + 1 (r7i + 2 22 + e 3 ) A^-| (^ + 02)Ae 3 , 

de = -(v2+o 2 )Ae+o 22 Ae, 

dd n = 2 771 A 0n + 772 A (f 0i + 2 13 ) + 774 A £ 2 + 775 A £ 3 + 776 A ^ — (0 22 - | £ 3 ) A n 

+ (% - 03 - I ^1 2) A O - (i 2 " 023 " I ^) A 0i + 2 A 013 + 3 A 12 , 
d012 =77i A 012 + 772 A (| 2 + 023 +e 2 ) +% A£ 3 + 77 4 A£ 1 + §0 O A 022 A 023 

" (023 - § ^) A 2 + (03 + 012) A 022 + I ^ A 012, 

d0i3 = | Vi A 013 + oi V2 A (35 O + 24 3 + 96 12 ) + 773 A £ 2 + 774 A £ 3 + 775 A f 1 



Symmetries and coverings for the r-th mdKP equation 

+ A (2 2 + e) A 6 - A (8 22 _ 3 e 3 ) A ^ + (I 3 + #12) A^ + 3 A 23 

dd 22 = \ (4772 + 9^2 + 4^ + 8^23) A £\ 

^23 = hi A ^23 + I % A (0 22 + e) + V3 A e + A # 2 a (72 22 - 73 £ 3 ) 

+ {023 + 1 ^) A 22 + | (9 023 + 4£ 2 ) A £ 3 , 
d?7i = 0, 

d V 2 =\ {vi+e) ^v2-i0 O Ae-{02 + i 2 e) ^e-o3^e-022Ae, 

dm — ^7 A ^ + 771 A 773 + ^ 772 A (41 # 2 + 72 23 + 36 £ 3 ) + § 7/3 A (16 #22 + 9 £ 3 ) 
+ If (7 22 + 8 £ 3 ) A O - A (72 23 + 4U 2 ) A 2 - (§ 22 + £ 3 ) A 3 
+ A (72 22 + 73£ 3 ) A0 12 + | 02 3 A£ 2 , 
= 77 7 A£ 3 + 77 8 A£ 1 + § (5 O + 8 3 + 6 9 12 ) A 7/ 2 + (2 7/ 2 + 2 2 - £ 2 ) A 773 
+ | (12 77!- 16^2 + e 3 ) A 77 4 + A0 o a(170 2 + 80 2 3)-§0i A022 
+ I (1703 + 10 9 12 ) A 2 + 3 A 23 - § 9 12 A £ 2 - 9 13 A 22 , 

dm =V7Ae + m^^ + V9 A e 1 - |^2 A (7^ + 8^)+ (f0 o + 20 3 ) A 773 
+ (§772 + 26*2) A 774+ (2 77! - 2 022 + § e 3 ) A 775 + A (0 12 - 29 3 )A0 O 
- A (5 9 2 + 2 023 + 2 e 2 ) A 0i + f 12 A 3 - A ( 8 022 + 3 £ 3 ) A n 
-§ (1102 + 4^) A0 13 , 

d V6 = 777 A O + Vs A £ 2 + 779 A + »7io A + ^2 A (775 - f n ) — 2 773 A 0i 
-774 A (f o + 20 3 ) - 2t7 5 A0 2 -| 77 6 A (20 77! + 16 22 - 5 e 3 ) 
+ A (5^ + 720 13 ) A O + f (0 3 + 30i 2 ) A 0i + I 0n A 2 + 20 13 A 3 



with 



e = q~ l dt, 

i 2 = Q u lx {( s2u lx - su x u xx - Uy) dt + dx- su xx dy) , 

£ 3 = u xx ((u x -2s u xx ) dt + dy) , (7) 

dq du xx 
771 = 2 h 2 



q u 



XX 



where s = G 



4. Coverings of r-mdKP 



Following [33, 34], we find linear combinations of the MC forms (6) and (7), which pro 

3 

'2' 

respectively. 



vide coverings of Eq. (2) in the cases of k G" {— 2, — |, — 1}, k = — |, and k = — 1, 



4-1. General case 

When k G" {—2, — §, —1}, we take the following linear combination of the MC forms (6) 
^ = 77i-A 1 e 1 -A 2 e 2 -A 3 e 3 
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dq 2 (2 k + 3) du xx 

= 2 1 — A 2 q u xx dx + {\ 2 q u x u xx - \ 3 u xx ) dy 

q k + 2 u xx 



+ y^q yuy 

with Ai, A2, A3 G R, and put 



-y- M ^ M L + A 3 (k + 2) u x u xx - Aig ^ dt, 
(k + 1)u < +2 



where t> and v\ are new independent variables. This gives 
2(k + 1) 

uj = —-. —— (dv — Av\dt — v\dx — B v\dy) (8) 

( he + 2) v 

with 

A=- (A.A^ 1 ' + 2 A 3 („ + 1) u^r 1 ) + ^ ^ - 2 % , 

2 (k+1) 1 

The form (8) is equal to zero whenever fx = v x and 

' AiA 2 (k + 2) 2 2(K+1) A 3 (k + 2) 2 +1 «+l , _ 
4(k+1) 2 x + 2(« + l) x 2 x 



/^ A 3 (k + 2) k+1 
u w = ~ ( ~ + i ^ + ) u *- 

This system is compatible, i.e., (y t ) y = (v y ) t , whenever 

f k+1 2 \ 

+ w^w {xl {K + 2)2 ~ AlAa(2 K + 3)) = °' 

This equation coincides with Eq. (2) iff A| (k + 2) 2 — AiA 2 (2 k + 3) = 0. So we put 
= A§(« + 2) 2 
1 A 2 (2k + 3)' 

This yields 

Vt \(2k + 3)(k + 1)* V * + 2(«+l) + 2 ^ Uy ) Vx > 

v y =-(^^v^ + u x ) Vx . 
When A 3 = 0, we have 

vt = {~^~ u l ~ u v^j u *» u w = v *- ( 9 ) 
In the case of k = this covering for Eq. (3) was obtained in [34]. When A 3 7^ 0, we 
P ut v = (t£S?) w - Then 



f (k + 2) 2 



K+1 2 

2 



W ?/ = - (< +1 + Mx)^- (10) 
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For k = this covering of (3) was found in [5] by means of another technique and in [34] 
via the method described above. For k — 1 the covering (10) of Eq. (4) was obtained 
in [18]. 

From (9) we have 

Vy K + 1 f Vy\ 2 V t . . 

U X = -, Uy = — — MM . 11 

v x 2 \v x J v x 

The integrability condition (u x ) y = (u y ) x of this system gives 

f( K + 1 ) ^ V t \ K Vy 

Vyy = V tx + I 2 VxX Vx V y 12 ) 



For k = this equation was obtained in [2]. Also, from (10) we get 

Wy K+1 W t K {K+l)wl {K+1) 
U x — — WZ^ , U v — — W^Wy ; r 13 

w x x y w x 2w 2 x x y 2(2k + 3) V ; 

This system yields 

Wyy = Wtx+ ((K+l)^-^ + K W K x W y + ^fgf W 2 J K+ A W XX 
\ w x W x J 

- « + <\ w *v (14) 



Substitution for (11) in (10) gives a Backlund trnasformation 

w t = ^2 wl^ - <+ 2 + * Wx , wy = -<+ 2 + "JL w x 

2 k + 3 v x v x v x 

from Eq. (12) to Eq. (14). The inverse Backlund transformation appears from substi- 
tution for (13) in (9). 

4.2. Case of k — -§ 

In the case of k — — | we take the following combination of the MC forms (6) 

dq 

u = t)i - Ai^ 1 - 4£ 2 = 2 — + (qu 2 xx {u 2 x + Au y ) - A x q' 1 ) dt - Aqu xx (dx - u x dy) 

and the following change of variables: q = —v~ 2 , u xx = (vvi) 1 ^ 2 . Then we have 

dv f (u 2 + 4uy) v\ . 9 \ , 4^i , 4:U x vi , 
= -4 ^ ^-^ -A^ 2 dt + — - dx — dy. 

V \ V J V V 

This form is equal to zero whenever v\ = v x and 

v t = \\iv 3 - (\u 2 x + u y ) v x , v y = -u x v x . 

This system is compatible for every value of Ai whenever Eq. (2) with k = — § is 
satisfied. When Ai = 0, we have Eqs. (9) with k = — |: 

vt = - {\u 2 x + u y ) v x , v y = -u x v x . (15) 

When Ai 7^ 0, we put v — 2 A^ 2 w. Then we get 

w t = w 3 - (\ u 2 x + u y ) w x , Wy = -u x w x . (16) 
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Exclusion of u x and u y from Eqs. (15) and (16) gives equations 



Vyy = V tx ~ [ ^ + — ) V xx + ^ V xy , (17) 



2v 2 x v x ) 2v 3 

,2 „„ „„3 



Wyy 



( Wy w t w 3 \ 3w v o . , 

w tx - 7T^ H Wxx+ ~ w xy ~ 3 W W x , (18) 

\2wi w x w x J 2w x 



and a Backhand transformation from (17) to (18): 



3 v t v y 
w t = w H w x , w y = —w x . 



4-3. Case of k — — 1 

When k = —1, we take the following combination of the MC forms (7): 

do du 

u = Vi + \ A£ + 2^ 2 - A 3 ^ 3 = 2qu 2 xx dx - u xx {2qsu 2 xx + A 3 ) dy + 2 -1 + 2 



9 "^rrrr 

+ 77- ((^3 + qu xx (2su xx - u x f - q 2 u 2 xx (u 2 x + Au y )) dt. 
Then we substitute for g = (t>t>i) _1 , s = -u^ff 1 , u xx = t>i and obtain 
c<j = (4 dv — (A3 v 2 + 2 A 3 u x v — 4 t>x rft — 4 f ! rfx + 2 (A 3 t> + 2 w x ) v± dy) . 

Zi 1) 



This form is equal to zero whenever v\ = v x and 



A§ , 1 A /l 



Vt = V + -U X V -Uyj V x , Vy = - ^- A3 V + u x j v x . 

This system is compatible for every value of A 3 whenever Eq. (5) is satisfied. For A 3 = 
we have 

v t = -u y v x , v y = -u x v x . (19) 
When A 3 7^ 0, we put v — 2 A3" 1 w. Then we have 

w t = (w 2 + u x w - Uy) w x , w y = -(w + u x ) w x . (20) 

Excluding u x and u y from systems (19) and (20), we get equations 

v t v y / -i\ 

v yy = v tx v xx H v xy \2i-) 

Vx Vx 

and 

W t + WWx Wy + W W X 

Wyy = w tx w xx H W xy , (22) 

W x W x 

correspondingly. The Backlund transformation between Eqs. (21) and (22) has the form 

/ 2 V t -WVy\ ( Vy\ 

w t = \ w H -\ w x , w y = Iw - -^-\ w x . 

REMARK 1. A one-parametric family of coverings with a nonremovable parameter 

v t = -{u y - Xu x - X 2 )v x , Vy = -{u x + A) v x , (23) 
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for Eq. (5) is presented in [7]. This family can be obtained from (19) by means the 
following technique, [22, § 3.6] [19, ?, 30, 16]. Eq. (5) has the infinitesimal symmetry 

d n d 
X = y— + 2x— , 

ox ou 

which can't be lifted into a symmerty of the covering (19). Then the deformation e xx 
transforms the covering (19) into (23). Indeed, we have 

t=e xx {t)=t, x = e xx {x)=x + Xy, y = e xx (y)=y, 
u = e xx (u) = u + 2Xx + X 2 y, 

and therefore 

u~ t = e xx (u t ) = u t , u x = e xx (u x ) = u x + 2 A, % = e xx (u y ) = u y - X u x - A 2 . 
Since v = e xx (v) = v, for the form 

lvi — dv + Uy v x dt — v x dx + Ux v x dy, 
which defines the covering (19) in the tilded variables, we have 

(e xx ) * Co i = dv + (u y — A u x — A 2 ) v x dt — v x dx + (u x + A) v x dy. 

This form defines the family of coverings (23). 

Similarly, we derive a new one-parametric family of coverings with a nonremovable 
parameter from the covering (20). We have w = e xx (w) = w, so the form 

<jj 2 = dw — (w 2 + u x w — Uyj w x dt — w x dx + (w + u x ) w x dy, 

which defines the covering (20) in the tilded variables, provides 

(e xx ) * 0J2 = dw — {w 2 + (u x + 2 A) w — u y + A u x + A 2 ) w x dt — w x dx 
+ (w + u x + A) w x dy. 

This form defines a family of coverings 

w t = {yv 2 + (u x + 2 A) w — u y + A u x + A 2 ) w x , w y = —(w + u x + A) w x . 

REMARK 2. In the case of k — -2 Eqs. (9) define a covering for Eq. (2), too, while 
we can't obtain this result by the method described above. 
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